Several examples that show the relationship between atomic coherence and entanglement productions have been discussed in this paper. The first example shows how atomic coherence can lead to entanglement between two thermal fields at a temperature T ; In the second example, we demonstrate how a cascade correlated spontaneous emission laser can be used as an entanglement amplifier; The last example illustrates how an arbitrary entangled state of two cavity fields can be prepared through atomic coherence. All these examples seem indicate that the two different quantum effects-coherence and entanglement-are closely related.
INTRODUCTION
Atomic coherence, 1 which results from a coherent superposition of different states of a single atom, can lead to many quantum optical phenomena. These include correlated spontaneous emission laser, 2 lasing without inversion, 3 electromagnetically induced transparence 4 and spontaneous emission cancellation.
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Atomic coherence has recently been shown to play a key role in quantum thermodynamics. For example, Scully et al. showed that mechanical work may be extracted from a single heat bath via vanishing atomic coherence. A three-level atom in V configuration with initial populations ρaa, ρ bb , ρcc is prepared in a superposition of upper levels |a and |b by a resonant classical field. The atom then passes through a doubly resonant cavity which is resonant with |a − |c and |b − |c transitions. The fields inside the cavity are initially diagonal, such as a thermal state.
We consider the initial states of the cavity fields to be diagonal in the Fock-state representation and the atom to be prepared in a coherent superposition of the upper levels by a classical field of frequency ω ab as shown in Figure 1 . The initial state of the atom-field system is written aŝ
P n2 |n 2 n 2 | ⊗ (ρ aa |a a| + ρ bb |b b| + ρ cc |c c| + ρ ab |a b| + ρ ba |b a|), (2) where P n1,2 are the probabilities for having photon number states |n 1, 2 . An example of fields with vanishing offdiagonal matrix elements in the Fock-state representation is a thermal state, which has P n1,2 = n1,2 n 1,2 (1+ n1,2 ) n 1,2 +1 . Here n 1,2 = (eh ν1,2β − 1) −1 are the mean photon number of the fields at temperature T with ν 1,2 being the field frequencies, and β −1 = k B T with k B being the Boltzmann constant.
The density matrix operator at time t is given byρ af (t) =Û(t)ρ af (0)Û † (t) whereÛ (t) = exp(−iĤt/h) is the time evolution operator. It follows, on taking a trace over the atomic variables, that the reduced density matrix operator for the fields is given bŷ
ρ n1,n2;n1,n2 |n 1 , n 2 n 1 , n 2 | + ρ ab ∞ n1=0 ∞ n2=0 ρ n1+1,n2;n1,n2+1 |n 1 + 1, n 2 n 1 , n 2 
where the expressions of the matrix elements have been given in reference 12.
We first discuss the case where initially there is no atomic coherence, i.e., ρ ab = ρ ba = 0. It is clear from Eq. (3) that, under this condition, the fields are in a separable state,
In this case, the fields may still have classical statistical correlation if ρ n1,n2;n1,n2 can not be decomposed into a direct product of the form ρ n1,n1 ⊗ ρ n2,n2 . As a special case, we consider the situation where the atom and the fields are initially in thermal equilibrium. In this case, the level populations of the atom are determined by the relations
. It follows, on substituting these relations, that state (4) becomes
i.e., we have neither entanglement nor classical correlation between the fields as the two fields are completely separable.
So how do we entangle the thermal fields? We show that this can be accomplished via atomic coherence. To see this, we first notice that state (3) is defined in an infinite dimensional Hilbert space. In general, it is very difficult to measure the entanglement in such systems.
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However we recall that entanglement can not be generated through local transformations. To estimate the entanglement of (3), we consider the local projection operatorsÂ n1 = |n 1 n 1 | + |n 1 + 1 n 1 + 1| andB n2 = |n 2 n 2 | + |n 2 + 1 n 2 + 1| with n 1,2 = 0, 2, 4, · · · . If the fields are in a separable state i p i ρ
is still separable. Then we can claim the existence of entanglement in (3) if the entanglement exists in the projected state.
The projection of (3) on the subspace spanned by basis vectors (|n 1 , |n 1 + 1 ) ⊗ (|n 2 , |n 2 + 1 ) with fixed photon numbers n 1,2 (= 0, 2, 4, ...) leads to the state
In the subspace under consideration, the projected density matrix operator (6) becomes a 4 × 4 Hermitian matrix. Now we can apply the Peres-Horodecki sufficiency condition 13 for the inseparability of density matrices of a two-party quantum system. For a bipartite system, a state is separable if and only if its density matrix can be written as
, where p i ≥ 0 and Σ i p i = 1. It is clear that the partial transposed matrix
T of a separable state has only non-negative eigenvalues. According to the Peres-Horodecki criterion, if the partial transposed matrix σ AB of a state has negative eigenvalues, this state must be entangled.
The partial transposition of the density matrix (6) has a negative eigenvalue if the condition
is satisfied. According to the Peres-Horodecki condition, we can claim that state (3) is an entangled state if the condition (7) is satisfied. This kind of methodology to detect the entanglement of an infinite dimensional mixed state for a bipartite system was first discussed and used in reference 10.
Our calculations show that R 0,0 = 0 when n 1 and n 2 approach zero. Thus, for this case, arbitrarily small but nonzero atomic coherence can induce entanglement between the two modes. For a general case, R n1,n2 is always larger than zero. Therefore there is a minimum atomic coherence beyond which the entanglement can appear. The right side of (7) depends on the level populations that satisfy the physical restriction with respect to the atomic coherence: ρ aa ρ bb ≥ |ρ ab | 2 .
12 In order to conveniently control the populations and atomic coherence at the same time, we consider the atom whose level populations initially are ρ ii (0) (i = a, b, c) and off-diagonal matrix elements ρ ij = 0 for i = j. A coherence between the excited states a and b is created when the atom interacts resonantly with a classical magnetic field (since this transition is dipole forbidden) of frequency ω ab for a time τ . After the interaction, the populations and the atomic coherence are given by
where Ω is the Rabi frequency and θ is the phase of the driving field. All the other density matrix elements remain unchanged. In this way, we can unitarily and continuously control the level populations and atomic coherence by the use of the single parameter Ωτ . After passing through the classical field, the atom acquires a coherence. When this atom passes through the cavity with two thermal fields, the state of the fields is described by the density matrix (3). The entanglement of the resulting state of the field is determined by the condition (7).
Eq. (8) shows that the atomic coherence is proportional to the population inversion of the upper levels. On the other hand, the numerator of the right side of the condition (7) ρ cc are small .
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Therefore, the best initial condition of the atom for satisfying the condition (7) is that the atom is in one of the upper levels. In Figure 2 , the right side of (7) with n 1 = n 2 = 0 and the squared modulus of the atomic coherence (8) are shown as a function of Ωτ . In the present calculation, we take g 1 = g 2 = g. It shows that the entanglement condition (7) can be satisfied even if the temperature becomes arbitrarily high.
As discussed earlier, the Hilbert space for the complete system is infinite dimensional, i.e., the dimension of the density matrix (3) is infinite. We can therefore obtain an infinite number of the projected 4 × 4 Hermitian matrices (6) with different photon numbers n 1 and n 2 by projecting the density matrix (3) into the subspaces. We can then use the quantity
to measure the entanglement of (3), where λ n1,n2 is the negative eigenvalue of the partial transposed density matrix of (6) and p n1,n2 = ρ n1,n2;n1,n2 + ρ n1+1,n2;n1,n2 + ρ n1,n2+1;n1,n2 + ρ n1+1,n2+1;n1+1,n2+1 is the probability of taking the 4 × 4 matrix (6) out of the matrix (3). If E = 0, it does not mean nonentanglement. If E = 0, however, we can ensure that the infinite dimensional density matrix (3) must be an entangled state. As pointed out earlier, the atomic coherence will become stronger when the atom is initially in one of the upper levels. Therefore, we may expect that in this case the stronger entanglement will be detected. Figure 3 shows the time evolution of the entanglement (9) when the atom is initially in the level |a .
In conclusion we have shown that, no matter how high the temperature is, two thermal field modes in a cavity can be entangled by a single three-level atom of the V -configuration when the coherence between two upper levels is beyond a critical value.
A CORRELATED SPONTANEOUS EMISSION LASER AS AN ENTANGLEMENT AMPLIFIER
We have discussed the atom-field interaction with atoms in the V -configuration in the previous section. Systems with other atomic configurations, such as the cascade configuration, are also interesting to us.
We will use the criterion proposed in reference 16 to verify the entanglement of the two-modes of the field in such systems. According to this criterion, a state of system is entangled if the sum of the quantum fluctuations of two EPR-like operatorsû andv of the two modes satisfy the inequality
Hereû . Schematics for the entanglement amplifier. A three-level atomic medium in a cascade configuration is placed inside a doubly resonant cavity. The transitions between levels |a − |b and levels |b − |c at frequencies ν1 and ν2 are resonant with the cavity. The transition |a − |c is dipole forbidden and can be induced by strong magnetic fields.
2i (with j = 1, 2) are the quadrature operators for the two modes 1 and 2. For a general state, this is a sufficient criterion for entanglement and as shown in reference 16, for two mode continuous variable Gaussian states, this becomes a necessary and sufficient criterion.
We consider a system in which cascade-configuration atoms interact with two modes of the field inside a doubly resonant cavity (Figure 4) . Such a system has been discussed within the context of correlated spontaneous emission laser. The dipole allowed transitions |a − |b and |b − |c are resonantly coupled with the two nondegenerate modes ν 1 and ν 2 of the cavity, while the dipole forbidden transition |a −|c is induced by a semiclassical field (for example, by applying a strong magnetic field for a magnetic dipole allowed transition). We denote the Rabi frequency of this field by Ωe −iφ . The interaction Hamiltonian (in the rotating-wave-approximation) for this system is given by
where a 1 (a † 1 ) and a 2 (a † 2 ) are the annihilation (creation) operators of the two nondegenerate modes of the cavities and g 1 and g 2 are the associated vacuum Rabi frequencies.
The master equation of the system can be obtained from the Hamiltonian (12)by using the standard methods of laser theory. We consider only the linear theory. We assume that the atoms are injected in the cavity in the lower level |c at a rate r a . The resulting equation for the reduced density operator for the cavity field modes is ,
where we have included the cavity damping terms in the usual way (We have assumed that the two cavity modes are coupled to two independant vacuum reservoirs here) with κ 1 and κ 2 being the the cavity decay rates of mode 1 and mode 2, respectively. The coefficients β 11 , β 22 , β 12 and β 21 are given by
We have assumed, for simplicity, that the atomic decay rate γ is the same for all the three atomic levels. Here the terms proportional to β 11 and β 22 correspond to the emission from level |a and absorption from level |c , respectively, and the terms proportional to β 12 and β 21 correspond to atomic coherence generated by the coupling field Ω.
We now discuss how the above system leads to entanglement amplification. We first analyze the case when Ω is much greater than γ and then proceed to the general case with arbitrary Ω.
In the limit when Ω γ, we have from Eqs. (14)- (15) that
Under these conditions Eq. (13) simplifies considerably and we obtain (with iα = β 12 = β 21 ) This equation describes a parametric oscillator in the parametric approximation. We can calculate the time evolution of the quantum fluctuations of the EPR-operatorsû andv and the mean photon numbers from Eq. (17) . In particular, we calculate the time evolution of the various moments involved in the quantities (∆û) 2 + (∆v) 2 and the total photon numbers N = N 1 + N 2 . The resulting expressions are
where we have taken the phase of the driven field to be φ = −π/2 since only under this special phase the positive exponential terms in (∆û) 2 + (∆v) 2 can be cancelled out and ensure that this quantity does not grow with time.
It is clear that, for any initial state of the field, the quantity (∆û) 2 +(∆v) 2 becomes smaller as time evolves and becomes less than 2 after some time. For large time when (α+κ)t >> 1, we have (∆û) 2 +(∆v) 2 = 2 κ α+κ < 2, i.e., the entanglement criterion is satisfied. Thus the system evolves into an entangled state and remains entangled unless the entanglement is destroyed by some other dissipation channels. We show below that the results based on the parametric approximation are valid for small values of gt only and higher order contributions in γ/Ω tend to wipe out the entanglement as time progresses. Thus, for the general case, the entanglement remains only for a limited period of time.
The other important quantity is the mean number of photons in the two modes. If we consider the large time behavior of the total photon number, we can neglect the negative exponent terms in the sinh and cosh functions in Eq. (19) . We then have
. This shows that, for any initial states of the two modes, the total mean photon number increases exponentially for sufficiently large t provided α > κ. The condition for the growth of mean photon numbers for small t involves the initial states of the field. For example, for the initial coherent states |α 1 and |α 2 for the two modes, this will very much depends on the phase of the coherent amplitude of these two modes. The condition d N (t)/dt > 0, for t ≥ 0, leads us to the following inequality α a 1 
To satisfy this inequality, the best choice is that, in addition to α > κ, we also have α 1 α 2 = −|α 1 α 2 |.
We now return to the general case. The various field moments required in the inequality (10) can be obtained from Eq. (13) . The resulting expressions are complicated and we do not reproduce them here.
In figures 5 and 6 we show the time development of (∆û) 2 + (∆v) 2 and N for different Ω/γ and fixed κ/g. In figure 5 , we plot these quantities for an initial coherent state with 10 4 photons in each mode. The choice of the phase for the coherent amplitude is such that the condition α 1 α 2 = −|α 1 α 2 | is satisfied. The parameter values are such that they correspond to the micromaser experiments in Garching. 19 We find that the two states remain entangled for a long time. The parametric results are valid only for gt < 10. The agreement between the parametric results with the exact results for the mean photon number N is valid for a longer range. We also see that an increase in the photon numbers by almost 40 fold is possible. In figure 6 , we plot (∆û) 2 + (∆v) 2 and N for initial vacuum states for the two modes. Again, the entanglement is retained for a large numer of photons. The time scale for the two modes to remain entangled increases as the Rabi frequency of the driving field is increased.
In summary, we have studied a correlated emission laser system in which a macroscopic entangled state between two modes of the radiation field can be built. The coherent driving in this system plays a inportant role for the production of entanglement.
THE PRODUCTION OF ARBITRARY ENTANGLED STATESOF TWO CAVITY FIELDS THROUGH ATOMIC COHERENCE
We consider a method for creating an arbitrary entangled state between two cavity fields through atomic coherence. The system consists of two high-Q cavities. An atom passes through these two cavities and interacts with four fields during the process (See figure 7) . The field modes inside the cavities can interact with each other via interaction with a resonant two-level atom. We restrict ourselves to only qubit states, i.e., the only allowed values for photon numbers in the two cavities are 0 and 1. The two cavities interact with each other via interaction with this two-level atom that is resonant with the cavity fields. The atom also interacts with two other auxiliary classical field. The atom is therefore entangled with the cavity field. A conditional measurement reduces the final state of the atom to the desired entangled cavity field state. We also show that, by choosing the interaction times of the atom and the fields appropriately together with special choice of relative phase between the atomic dipole and the two classical fields, we can generate a wide class of entangled states with unit probability, thus leading to a deterministic outcome.
Our goal is the generation of the state
where c 00 , c 01 , c 10 and c 11 are arbitrary complex amplitudes of corresponding states which satisfy the normalization condition
The resonant two-level atom initially in its excited state |a interacts with two classical fields in addition to the interaction with the quantized field inside the two cavities. The classical and quantum interactions, characterized by the subscripts C and Q, respectively, are given by the following time evolution matrices
where τ is the interaction time of the atom with the field and r = |r|exp(iθ) is the complex Rabi frequency,
where a and a † are the annihilation and creation operators for the cavity field and g is the vacuum Rabi frequency and φ is the relative phase between the atomic dipole and the cavity field.
We assume that the radiation fields in both cavities are initially in vacuum states, i.e., the initial atom-cavity states is |00 |a . Here |00 represents 0 photon in cavity A and 0 photon in cavity B.
It then follows from Eq. (22) and Eq. (23) that the atom-field state after the atom passes through the sequence of classical and cavity fields is given by:
where we use the simplified notations c a = cos(|r|
and τ cA is the time of the atom to pass through the first classical field with θ A being the phase factor of the classical field.
and τ qA is the time for the atom to pass through this first cavity, with φ A being the phase factor of the quantum field. Also e a = cos(|r| τ cB ) = |e a |,
and τ cB and τ qB are the times for the atom to pass through the second classical field and cavity B. As before θ B and φ B are the phase factor for the classical field and field inside cavity B.
If we make a measurement on the atom after its passage through cavity B and the atom is found to be in the ground state, then the cavity field reduces to The controlling parameters are the interaction times τ cA , τ qA , τ cB and τ qB . An arbitrary set of amplitudes c 00 , c 01 , c 10 , and c 11 can be obtained by an appropriate choice of these interaction times corresponding to a choice of c a , d a , e a , and f a . The amplitudes c ij (i,j=0 or 1) are constrained by the condition 0 ≤ |c ij | ≤ 1. Also we have 0 ≤ |c a |, |d a |, |e a |, |f a | ≤ 1. We would now like to address the question whether suitable interaction times and the phases can be found for any arbitrary set of amplitudes c ij .
A general analytic solution of |c a | 2 , |d a | 2 , |e a | 2 , and |f a | 2 in terms of x i (i = 1 − 4) is difficult. We have however seen numerically that any arbitrary state (apart from a phase in Eq. (26) can be generated when θ A − θ B = 0 with unit probability.
In conclusion, we have shown a method for preparing an arbitrary two-mode states of the form (1) inside cavities. The resulting states can be obtained with unit probability. We can extend this study to creating arbitrary two-mode N photons and multi-mode N photon states.
SUMMARY
In summary, we have studied several atom-field interaction systems. In all these systems, atomic coherence plays an essential role for the production of field entanglement. They show that these two quantum effects, coherence and entanglement, are closely related.
